A DENSITY THEOREM ON THE NUMBER OF CONJUGACY CLASSES IN FINITE GROUPS EDWARD A. BERTRAM
For each finite group G with k(G) conjugacy classes and order g, it is well known that g < 2 2 *. On the other hand, all groups with a given small k (^ 8) have been determined, and these studies, along with the result that if G is nilpotent then g < 2*, strongly suggest that the bound can be significantly improved. We prove that for each c 2 < log 2, almost all integers g ^n, as n -»oo, have the property that for each G of order g, k(G) > (log n) c κ
The question of whether there exist finite groups G of arbitrarily large order | G \ with a fixed number of conjugacy classes k was first asked by Frobenius, and answered in the negative in 1903 by E. Landau [5] , using the class equation. In 1919 G. A. Miller [6] discussed a definite upper bound for \G\ in terms of k; in 1968 P. Erdos and P. Turan [3] , and independently M. Newman [8] gave proofs that k(G) > log 2 log 2 1 G\, again all using Landau's method. When G is a p-group, P. Hall (unpublished) and later J. Poland [9] had already obtained a parametric equation for h(G), from which it readily follows that if G is nilpotent, then k(G) > log 2 |G|; however the latter inequality does not hold for all solvable groups. R. Brauer [1, p. 137 ] has asked for a substantial improvement on the bounds obtained by Landau's method, and our main theorem shows that for "most" group orders there is indeed a substantial improvement:
THEOREM. For each c 2 < log 2, almost all integers g ^ n, as n -> oo, have the property that if G is a group of order g, then
c * for each group G of order g, we will prove that lim^ N(n)/n = 1.
A 
Proof. Suppose the prime p\\G\ and let a? be an element in G of order p. To see how the elements of (x) are partitioned into (parts of the) conjugacy classes of G, we examine N((x}) since, for r f s^O (modp), z~ιx We have now shown that the elements of (x) are partitioned into at least (p -ΐ)/m + 1 (subsets of) conjugacy classes in G, counting the identity class.
Since N((x))/C((x)) is isomorphic to a subgroup of the cyclic group of automorphisms of (x), the factor group is cyclic and generated by yC(x), for some y e N((x}).
Since 
Furthermore, for sufficiently large v(n), this minimum is
Proof. We prove the first part; the second is proved similarly.
. (1 -ε) log log n < v(p -1) < (1 + ε) log log n . In particular, if the inequality in the hypothesis can be shown to hold for all n large enough, we may conclude that, as n -> oo, "almost all" integers g g n are divisible by at least one prime in £^. We now state and prove our main theorem: THEOREM 
But now from (a) of Lemma 2, c(e).(n/m)

For each c 2 < log 2 almost all integers g ^ n, as n -> co, have the property that each group G of order g satisfies k(G) > (log ri) c κ
Proof. For each fixed ε > 0 we know that for sufficiently large
, by Lemmas 1 and 3. Thus we need only show that, as n -* co, almost all g ^ n are divisible by a prime p satisfying v{p-l) > (1 -(l/2)ε) log log n.
For any fixed positive ε, let & be the set of all primes p ^n such that v(p -1) > (1 -2ε) log log n. Then, if n r + 1 = the least integer Ξ> exp (log 1 ""^) we obtain
since in the latter sum
2^ (1 -ε) 2 log log n > (1 -2ε) log log n .
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